Abstract. A quantum stochastic model for an open dynamical system (quantum receiver) and output multi-channel of observation with an additive nonvacuum quantum noise is given. A Master equation for the moment generating operator of the corresponding instrument is derived and quantum stochastic filtering equations both for the Heisenberg operators and the reduced density matrix of the system under the nondemolition observation are found. Thus the dynamical problem of quantum filtering is generalized for a noncommutative output process, and a quantum stochastic model and optimal filtering equation for the dynamical estimation of an input Markovian process is found. The results are illustrated on an example of optimal estimation of an input Gaussian diffusion signal, an unknown gravitational force say in a quantum optical or Weber's antenna for detection and filtering a gravitational waves.
Introduction. The time evolution of quantum system under a continuous observation can be obtained in the frame work of quantum stochastic (QS) calculus of output nondemolition processes, firstly introduced in [2] and recently developed in a quite general form in [11, 3, 4, 1, 5] . A stochastic posterior Schrödinger wave equation for an observed spinless particle derived in [4] by using the quantum filtering method [5] , provided an explanation of the quantum Zeno paradox [7, 9] . In this paper we give a derivation of the reduced wave equation for a Markovian open system described by Heisenberg quantum stochastic operators X (t) with respect to noncommuting Bose output fields Y (s) , s ∈ R + which are assumed to be nondemolition in the sense [4, 1, 5] of the commutativity [X(t), Y (s)] = 0 at each time t ≥ s. We shall obtain it by a non-unitary dilation of the characteristic operator of an instrument for the observable output process, but in contrast to [6] we restrict ourselves to the diffusion observation, i.e. to a continuous nondemolition measurement of a quantum Brownian motion. This gives the possibility to solve the dynamical problems of quantum detection and estimation theory [12] as demonstrated in an example.
The dynamical model
We are going to describe a dynamical model for continuous in time indirect nondemolition observation of an arbitrary family Q = (Q 1 , . . . , Q n ) of Hermitian operators Q j = Q † j , acting in initial Hilbert space H 0 of an open quantum system (antenna), with additive δ-correlated Bose type quantum error-noises in linear ndimensional output channel of observation e j (t), j = 1, . . . , n. We shall describe the output quantum error-noise e(t) = (e 1 , . . . , e n ) (t) by the components v i (t) = e i (t) of a quantum stochastic process which is opposite, or inverse to an input quantum noise v · = (v i ) of the same or higher dimensionality m ≥ n. The total quantum output noise v · = ( v i ) as the opposite to v · can be defined as a compatible (commuting with v · ) but maximaly closed (maximally entangled with v · ) quantum stochastic process v · which simply coincides with the input v · if it is is self-compatible, i.e. is classical (having all commutig components v i ).
Let us describe the quantum input noise v · by the classical white noise components v i (t) represented by noncommuting Hermitian operator-valued distributions v i = v i † . They are completely determined in a quantum Gaussian state by the first and second moments
Here κ ik are complex elements of a Hermitian-positve matrix κ = [κ ik ] of the same or higher dimensionality m ≥ n, with imaginary part Im κ defining the Bose commutation relations
such that complex conjugate components κ ij = κ ji define the intensity covariance matrix κ = [κ ji ] of the output noise v · = ( v i ) :
as transposed (or complex conjugate, κ = κ) to κ. Thus all output components v i commute with all input components v k , and v must also be maximally correlated with v in the sense that the intensities γ jk of real covariances
are the elements of a symmetric m × m-matrix γ = [γ ik ] as the geometric mean γ = (κ · κ) 1/2 . The geometric mean with κ for an invertible κ is defined as a Hermitian-positive matrix γ such that κ = γκ −1 γ. The matix γ is symmetric and invertible, with the inverse γ −1 = γ ik defining κ −1 = γ −1 κγ −1 and as the intensity for the covariances
for the output noise v · (t). (We assume that Hermitian matrix κ = [κ ik ] is strictly positive, with the inverse κ −1 = κ ik corresponding to a finite temperature of the output quantum noise v · = v i ). As usual the operator-valued distributions v i (t) can be described as generalized derivatives v i (t) = 
as the symmetric tensor multiplication by the indicator function 1 [0,t) . The canonical commutation relations
(We use Einstein notations for the convolutionᾱ k β k = ᾱ k β k over the indices k = 1, 2, . . . in contrast to the scalar product notations β · α * for the finite sums n j=1 β jᾱ j , and omit the identity operator 1). The output vector-processẎ (t) = Q(t) + I 0 ⊗ e(t), defined by the integrals
, can be realized for a singular coupling of the system with the Bose fields a k t by the output observables e t j = 2ℜâ
are the annihilation output processes, introduced in [11, 3, 4, 1] , and I 0 is the identity operator in H 0 . The unitary evolution U (t) will be described on the tensor product H = H 0 ⊗F κ by a Schrödinger-Itô quantum stochastic equation [14] (
in terms of the input integratorsǎ
Hamiltonian of the system, and Q = Q † is an operator in H 0 of a generalized coordinate conjugate to the generalized force f (t) = d dt f (ϑ t ) depending on an independent input diffusive signal ϑ t , the random position of a gravitational source say, with (dϑ t )
in terms of the integrators f
satisfying the canonical commutation relations
corresponding to noncommutative multiplication tables 
for any operator X(t) = U (t) † (X ⊗ 1)U (t) of the system in the Heisenberg picture. This proves the nondemolition property of any observable process Y j (t) with respect to the system. It was introduced as the nondemolition causality principle for the output quantum processes in [2, 11] . Using the quantum Itô formula (1.4) for [4] with de j = 2ℜdâ j and multiplication table
dt with all other products being zero, one can derive the equation 
, satisfies the following quantum stochastic Langevin equation
The reduced evolution
Let A denote the input-system algebra which is assumed to be the von Neumann algebra of all essentially bounded operator-valued functions X : ϑ ∈ R → X(ϑ) ∈ B(H 0 ),b t ⊆ B (F t ) be von Neumann subalgebra generated by the error-noises {e s 1 , . . . , e s n } for all s ∈ [0, t), and G t ⊆ F t be subspace generated byb t on the vacuum δ ∅ ∈ F t for each t > 0, where F t are Fock subspaces generated on δ ∅ by all input processes v by ψ (t) = U (t) (ψ 0 ⊗ δ ∅ ) ∈ F t , ψ 0 ∈ H 0 will be called the output filtration in the Schrödinger picture; It is equivalent to the Heisenberg filtration {B t , t > 0} with B t ⊆ A ⊗ B (F t ) generated by the output family {Y 1 (s) , . . . , Y n (s)} for all s ∈ [0, t) with respect to the initial states induced by
The filtered dynamics of a quantum stochastic system, described in the Heisenberg picture by homomorphisms X (t) = U t XU † t of A ∋ X into A ⊗ B (F t ), is defined by the cocycle of CP mapš Φ t : A → A ⊗ľ t , whereľ t are (unbounded) commutants ofb t on G t , such that these dynamics induce the same input-output states on A ⊗b t with respect to the initial vacuum state:
Since eachΦ t is normalized asΦ t (I 0 ) =P t to a positive elementP t ∈ A⊗ľ t defining typically unbounded density operatorp t = ρ P t ∈ľ for the output state
with respect to the input state ǫ ∅ b on the algebrab t , it is necessary to give a more precise meaning of the unbounded commutantľ t ofb t . Due to the nondegeneracy of the covariance matrix-function [ κ jj ′ min {s, s ′ }] of e s : s < t for each t > 0, the cyclic representationb t |G t on the minimal invariant subspace G t containing δ ∅ is faithful in the sense thatb = 0 inb t ifbδ ∅ = 0 in F t . Thereforeb t is transposed to its bounded commutantb ′ t , coinciding withb t = Jb t J, where J is an isometric involution defining the transpositionb t →b t byb ′ t = Jb † t J common for all subspaces G t . Moreover, the von Neumann algebrasb t andb ′ t are in one-to-one correspondence with the achieved Tomita algebras
Let us define a dual space ℓ t to the Banach algebra b ′ t as the completion of b t ⊆ G t with respect to the dual norm 
which we will extend by continuity on all a ∈ ℓ t ⊇ b t . Thus the co-algebraľ t of the operator algebrab t is defined as the Banach space of operatorsǎ : b ′ →ba, mapping b ′ t ⊆ G t into ℓ t ⊇ G t , bounded with respect to the dual norm · * . This space is a linear span of positive coneľ t = {p ≥ 0} defined by b †b ,p ∅ ≥ 0 for allb ≥ 0, and therefore is invariant under the right and left actionp →b †pb ofb t which is defined as the dual to the selfactionq →b †qb onb t , 
but are unbounded in the Hilbert space G t if a / ∈ b t . However they are densely defined as the bounded kernels in the Gelfand triple b t ⊆ G t ⊆ ℓ t , and p * = 1 ,p ∅ for any positive elementp ∈ľ t which means that it is density operator of a normal state onb t if 1 ,p ∅ = 1. Moreover, every normal state is uniquely given by such density, i.e. that the spaceľ t is predual tob t , and is preadjoint tob t which we denote asľ ⊺ t =b t ,ľ * t =b t . In most cases the density operatorp ∈ľ of an output state ς t b = b ,p ∅ has the rangepℓ in F t , as it is in the case of a majorized positive form ς(b †b ) ≤ λǫ ∅ (b †b ) for a λ > 0, corresponding to the boundedp on F t : p ≤ λ; moreover, any operatorp ∈ľ can be approximated by the density operators from the bounded commutantb t in the norm p * = p 1 , where p =pδ ∅ .
In order to derive a quantum stochastic equation for the reduced dynamicsΦ t , let us find the differential evolution for the factorial generating map Φ
Hereb t =ẑ (β) t are exponential elements, defined by the Wick (normal) exponent
of the observable e(β t ) =â (β t )+â † (γβ t ) ≡ t 0 β(r)·de r , where β = β i is a column of locally square-integrable functions with β j s (t) = 0 for t ≥ s, j > n, β j s (r) = β j (r) for r < s, and
Taking into account the equation (1.9) and
t , one can obtain by quantum Itô formula [14] 
where
In the same way, using the Itô formula for the productǦ tẐt ofǦ t =Φ t [X] and the Wick exponent (2.5), one can obtain the equation for (2.4) if
where the operators v j t = 2ℜǎ j t , satisfying the canonical commutation relations
generate the predual coalgebraľ t as the unbounded commutant ofb t = {e 
is described in the standard representation by the operator-functionφ
withφ 0 (ϑ) = ̺(ϑ). Here the quantum stochastic differentials dv have the canonical multiplication table
It is normalized to a positive martingalep t = Tr H0φt (ϑ)dϑ ∈ľ t as the density operator defining by (2.1) the output state
† (I ⊗b)U (t) with respect to the vacuum state vector δ ∅ ∈ F simply as
Note that since all the input components v i t , i = 1, . . . , n commute with the output components e t j and have with them zero correlations and thus are independent of e t j unless i = j, they generate the same subspaces G t as e t j , j = 1, . . . , n. On these subspaces they simply coincide with the transposed e The quantum filter defines a quantum measurement on the output of the system at a time instant t ∈ R + . In general it is described by a B t -valued positive measure M (t, dx) on a Borel space X , normalized to the identity operator in H = H 0 ⊗ F : M (t, dx) = I. The problem of optimal quantum observation is the problem of finding the optimal measurement M • (t), giving the minimal value of the mean
Here the mean (3.1) is given in the standard representation B t →b t according to (2.1) as the integral of the pairing (2.2) for
t in the Schrödinger picture, and
The duality principle gives the necessary and sufficient conditions [13] of optimality
of a positiveb t -valued measurem 
The last condition of optimality can be written in the form of the equation
Let us consider now the problem of optimal estimation [12] of a selfadjoint operator X(t) = X t (ϑ t ), given in the Schrödinger picture by a B(
One can treat in such a way the problem of filtering of a real measurable function x(ϑ t ) of the input diffusion signal ϑ t taking X(ϑ) = x(ϑ)I. In order to formulate the optimal estimate in terms of the measurement of the optimal output observablex • t ∈b t as an appropriate posterior mean of X (t) we need the quantum stochastic equation for φ t [X] = Jφ X † J in terms of the output noise e t i . It can be obtained by complex conjugation 
of the output noises e j ′ with the transposed components e Proof. Denotingû t = λm t (dλ) for an orthogonal projective-valued measurê m t (dλ) ∈b t , one obtains m t (dλ),č t (λ) = û t . The pair (x t , K t ) defines the posterior (normalized) Gaussian state of the quantum system with input signal x t = ϑ t and the mean square error ∼ ϑ 2 t , ∼ ϑ t = ϑ t −θ t is given by the component k 33 t of the posterior correlation matrix K t . A posterior dynamics of the quantum system under another nondemolition measurement of the received electromagnetic field by a photon counter is considered in [8] .
